This article aims to present new comparisons of Heinz operator means with different parameters by the help of appropriate scalar comparisons and the monotonicity principle for bounded self-adjoint Hilbert space operators. In particular, for any positive operators , we establish the inequality where satisfying and 2010 MSC: 47A30, 15A45, 15A60.
INTRODUCTION
The Heinz mean of positive numbers in the parameter defined by ICMSS2018 3rd International Conference of Mathematical Sciences and Statistics 6 th -8 th February 2018 34 is one of the means which intermediates between the arithmetic mean and geometric mean, that is
The function is decreasing on and increasing on Thus, and More interesting inequalities related to the Heinz means can be found in (Bhatia, 2006 ). An operator version of (1) due to (Bhatia and Davis, 1993 ) is the following inequalities where are positive operators on a complex separable Hilbert space and is a unitarily invariant norm. Usually, is called the Heinz mean of and . Several inequalities improving the inequalities in (4) have been given by (Kittaneh, 2010; Kittaneh & Manasrah, 2010; Zhan, 1998) .
Throughout this article, the space of all bounded linear operators on a Hilbert space will be denoted by . In the case when , is identified with the matrix algebra of all matrices with complex entries.
In the following, another operator version of Heinz mean is considered. By recognizing the definition in the scalar case, the Heinz mean is the arithmetic mean of two weighted geometric means. Hence, such definition can be raised up to the level of operators via the operator means. Following (Kittaneh et al., 2012) In recent years such operator means and related comparisons have been under active investigations. The authors in (Kittaneh et al., 2012) established the following improvement of the second inequality in equation (5) above The same result was established, in (Kittaneh & Manasrah, 2011) , for matrices. Moreover, Kittaneh and Krnić (2013) , derived a series of improvements of the Heinz operator inequality by using the Hermite -Hadamard inequality. This completes the proof.
In the following, we establish a refinement of the second inequality in (4) for the HilbertSchmidt norm under given conditions. In what follows, we turn to another mean that intermediates between the geometric mean and arithmetic mean, which is the logarithmic mean. The logarithmic mean is defined as where, and
In order to establish a series of refinements of Heinz inequalities, Kittaneh and Krnić, (2013) Taking or in Theorem 2.4, this yields and so the second inequality in (8) is obtained.
Finally, an operator version of the inequality (9) is obtained by using the monotonicity principle in a similar way as in the proof of Theorem 2.2.
Theorem 2.5. and
